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Abstract
We present a geometric description of the QRT map (which is an integrable
mapping introduced by Quispel, Roberts and Thompson) in terms of the
addition formula of a rational elliptic surface. By this formulation, we classify
all the cases when the QRT map is periodic; and show that its period is 2, 3, 4,
5 or 6. A generalization of the QRT map which acts birationally on a pencil of
K3 surfaces, or Calabi–Yau manifolds, is also presented.

PACS numbers: 02.30.−f, 02.30.Ik, 02.40.−k, 05.45.−a

1. Introduction

We consider the birational map

ϕ : (x, y) �→ (x̄, ȳ)

called the QRT map, of the form:

x̄ = f1(y) − f2(y)x

f2(y) − f3(y)x
ȳ = g1(x̄) − g2(x̄)y

g2(x̄) − g3(x̄)y
(1.1)

which was introduced in [14]. Here fi(y) and gi(x̄), i = 1, 2, 3 are the quartic polynomials:

f = Ay × By g = tAx̄ × tBx̄ (1.2)

where f = t (f1, f2, f3), g = t (g1, g2, g3),y = t (y2, y, 1) and x̄ = t (x̄2, x̄, 1). The 3 × 3
matrices A = (αij )0�i,j�2 and B = (βij )0�i,j�2, αi,j , βi,j ∈ C play roles of the parameters of
the map ϕ. The map ϕ possesses a one-parameter family of invariant curves filling the plane

tx(A + λB)y = 0 (1.3)

where the integration constant λ is invariant on each curve. The biquadratic curve (1.3) can
be parametrized in terms of elliptic functions (see, for example, [8, 15]). Thus the QRT map
ϕ is considered as an integrable mapping.

Various properties of the QRT map ϕ as an integrable mapping have already been
established; ϕ is measure-preserving and satisfies the singularity confinement criterion (which
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is a discrete analogue of the Painlevé property); also, many of the discrete Painlevé equations
are regarded as non-autonomous variations of the QRT map (see [4, 11, 13, 15, 16]).

In this paper, we present a geometric description of the QRT map ϕ. Since ϕ admits a
one-parameter family of invariant elliptic curves (1.3), it is natural to regard ϕ as an auto-
birational map on a pencil of elliptic curves, i.e. on a rational elliptic surface. We prove
that the QRT map is an expression of the addition formula of a rational elliptic surface (see
theorem 2.4). By using this geometric formulation, we can classify all the cases when the
QRT map is periodic for any initial values. All the possibilities of the Mordell–Weil group
E(K) of a rational elliptic surface are determined in [12, corollary 2.1]. Especially the torsion
subgroup Etor(K) ⊂ E(K) is one of the following finite Abelian groups:

{0}, Z/2Z, Z/3Z, Z/4Z, Z/5Z, Z/6Z, (Z/2Z)2, (Z/3Z)2, Z/4Z ⊕ Z/2Z.

Consequently, if the QRT map ϕ is periodic then its period is 2, 3, 4, 5 or 6; we also determine
explicitly the relations among the parameters of ϕ for each case (see theorem 3.4, and also
example 3.5).

A natural generalization of the QRT map which acts birationally on a pencil of K3 surfaces,
or Calabi–Yau manifolds, is presented (see section 4); I expect that this map would play an
important role in the study of higher-dimensional integrable mappings.

2. Geometry of the QRT map

In this section, we present a geometric description of the QRT map in terms of the addition
formula of a rational elliptic surface. Consider a pencil of biquadratic curves

{F(α; x, y) + λF(β; x, y) = 0}λ∈P
1 (2.1)

where (x, y) is the inhomogeneous coordinate of P
1 × P

1, and let

F(α; x, y) =
∑

0�i,j�2

αij x
2−iy2−j . (2.2)

Note that the pencil (2.1) has eight base points (see remark 2.1). Let P = (x, y) be a generic
point in P

1 × P
1, then we have a unique curve C of the pencil (2.1) passing through P.

Let us consider the line which is parallel to the x-axis and passes through P; and denote
it by l1. Then it is easy to see that the line l1 intersects the biquadratic curve C at two points
P and P̃ = (x̄, y). The coordinate x̄ can be written rationally in (x, y) as follows; since C
passes both the points P and P̃ , we have

F(α; x, y) + λF(β; x, y) = 0 (2.3)

F(α; x̄, y) + λF(β; x̄, y) = 0. (2.4)

Eliminating λ, we have

F(α; x̄, y)F (β; x, y) − F(α; x, y)F (β; x̄, y) = 0 (2.5)

by using the notation given in (1.2), formula (2.5) can be written as

f1(x̄ − x) − f2(x̄
2 − x2) + f3(x̄

2x − x̄x2) = 0. (2.6)

Hence we obtain

x̄ = f1(y) − f2(y)x

f2(y) − f3(y)x
. (2.7)
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Figure 1. QRT map.

In the same way, let l2 be the line parallel to the y-axis passing through P̃ , then l2 intersects
C at P̃ and P̄ = (x̄, ȳ), where ȳ is given as

ȳ = g1(x̄) − g2(x̄)y

g2(x̄) − g3(x̄)y
. (2.8)

The above correspondence P �→ P̄ (see figure 1) is equivalent to the QRT map (1.1).

Remark 2.1. The base points of pencil (2.1) are given as follows:

x = f1(y)

f2(y)
= f2(y)

f3(y)
or y = g1(x)

g2(x)
= g2(x)

g3(x)
. (2.9)

The QRT map is indetermined at these base points in the sense of a rational map.

Remark 2.2. Viewing the above geometric construction, it is clear that the QRT map ϕ

commutes with a projective transformation of P
1 × P

1; we fix three points of the base points
of the pencil (2.1) into (0, 0), (1, 1) and (∞,∞). By considering a certain projective
transformation of λ ∈ P

1, we can set, without loss of generality, the 3 × 3 matrices
A = (αij )0�i,j�2 and B = (βij )0�i,j�2 as follows:

α00 = α22 = β00 = β22 = 0

α20 = β02 = 0∑
0�i,j�2

αij =
∑

0�i,j�2

βij = 0.
(2.10)

Noting that the action A �→ cA and B �→ c′B (c, c′: constants) does not concern the
expression of ϕ, we see that the QRT maps essentially form an eight-parameter family of
integrable mappings.

Remark 2.3. The geometric construction of the QRT map has been considered in a different
manner by Veselov [21]. We refer recent results of Iatrou and Roberts [7, 8], where a general
class of integrable mappings of the plane has been proposed by the use of a one-parameter
family of biquadratics.

From now on, we set the parameters αij , βij ∈ C as

α00 = α22 = β00 = β22 = 0 (2.11)

without loss of generality (see remark 2.2). Consider a biquadratic curve Cλ

F(γ; x, y) =
∑

0�i,j�2

γij x
2−iy2−j = 0 (2.12)

with

γij = αij + λβij (2.13)

note that γ00 = γ22 = 0.
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Figure 2. Addition of Eλ.

Theorem 2.4. Let Eλ be the elliptic curve defined by the following Weierstrass equation:

fλ(x, y) = y2 + a1xy + a3y − x3 − a2x
2 − a4x − a6 = 0 (2.14)

where a6 = 0 and ai = ai(λ), i = 1, 2, 3, 4 are polynomials in λ of degree i given as

a1 = −γ11 a2 = −γ01γ21 + 2γ02γ20 − γ10γ12

a3 = γ01γ12γ20 + γ02γ10γ21 − γ02γ11γ20

a4 = (γ02γ20 − γ01γ21)(γ02γ20 − γ10γ12)

(2.15)

with (2.13). Then the QRT map (1.1) is equivalent to the addition formula of Eλ (see
figure 2):

P̄ = P + T T = (0, 0). (2.16)

Proof. First we consider the birational transformation ρ : P
1 × P

1 → P
2

ρ : (x, y) �→ [X, Y,Z] = [x, y, 1]

where [X, Y,Z] denotes the homogeneous coordinate of P
2; then Cλ

′ = ρ(Cλ) is a cubic
curve in P

2 ∑
0�i,j�2

γijX
2−iY 2−jZi+j−1 = 0 (2.17)

which passes through T ′ = [1, 0, 0] = ρ({x = ∞}),O = [0, 1, 0] = ρ({y = ∞}) and
[0, 0, 1] = ρ((0, 0)). We see that the QRT map can be described as the addition of points on
the cubic curve Cλ

P̄ + O = P + T ′. (2.18)

Next, we will transform the cubic Cλ
′ into the Weierstrass normal form in a standard

manner (see [20, I] and [18, III]). We start by taking the Z-axis to be tangent to Cλ
′ at

O = [0, 1, 0]; then the tangent line intersects Cλ
′ at another point; and take the X-axis to be

tangent to Cλ
′ at this new point. We can choose the Y-axis to be any line, other than the Z-axis,

passing through O = [0, 1, 0]. Now if we put x = X/Z and y = XY/Z2, then the equation
for Cλ

′ takes the form (2.14) which we call the Weierstrass equation. By a certain change of the
variables fixing O = [0, 1, 0], preserving the Weierstrass form and taking T ′ = ρ({x = ∞})
into T = [0, 0, 1], we finally obtain the Weierstrass equation (2.14) with ai given in
(2.15). Summarizing above, the birational transformation σ : P

1 × P
1 → P

2, which takes
equation (2.12) for the curve Cλ into the Weierstrass equation (2.14), is explicitly given as
follows:

σ : (x, y) �→ [X, Y,Z] = [x̃, ỹ, 1]

x̃ = (γ10γ11γ20 − γ01γ20
2 − γ10

2γ21)y + γ20(γ10γ12 − γ02γ20)

γ10x + γ20
(2.19)
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ỹ = (γ01γ20x + γ11γ20 − γ10γ21)x̃ + γ10γ20(γ10γ12 − γ02γ20)y + δ

γ10x + γ20
(2.20)

where

δ = γ02γ11γ20
2 − γ01γ12γ20

2 + γ10
2γ12γ21 − 2γ02γ10γ20γ21. (2.21)

Since the group law of elliptic curves is unchanged under birational equivalence (see [2,
section 7]), the QRT map is described in terms of the addition of Eλ as P̄ = P + T . �

Remark 2.5. The Weierstrass equation (2.14) defines an elliptic curve over the rational
function field K = C(λ), i.e. an elliptic surface. Moreover, since C(x, y, λ) = C(x, y), Eλ

defines a rational elliptic surface. Note that Eλ realizes the full eight-parameter family of
rational elliptic surfaces (see also remark 2.2).

Remark 2.6. This geometric formulation given in theorem 2.4 makes it clear that the QRT
map is an autonomous limit of Sakai’s elliptic Painlevé equation, which is located on the top
of the all discrete and continuous Painlevé equations (see [9, 17]).

3. Torsion point of a rational elliptic surface

In this section, by using the geometric formulation of the QRT map given in section 2, we
classify all the cases when the QRT map is periodic for any initial values.

Let E be an elliptic curve defined over a field K. The group of K-rational points of E is
called the Mordell–Weil group and denoted by E(K) (see [2, 18–20]). For a rational elliptic
surface, the Mordell–Weil group is determined as follows:

Proposition 3.1 (see [12, corollary 2.1]). As an abstract group, the Mordell–Weil group of a
rational elliptic surface is one of the following 26 groups:

Z
r (1 � r � 8) Z

r ⊕ Z/2Z (1 � r � 4) Z
r ⊕ Z/3Z (1 � r � 2)

Z
r ⊕ (Z/2Z)2 (1 � r � 2) Z

r ⊕ Z/4Z (r = 1)

Z/4Z ⊕ Z/2Z (Z/3Z)2 (Z/2Z)2

Z/6Z Z/5Z Z/4Z Z/3Z Z/2Z {0}.

A point T of an elliptic curve is said to have order m if

mT = T + T + · · · + T︸ ︷︷ ︸
m

= O

but m′T �= O for all integers 1 � m′ < m. If such m exists, then T is a point of finite order,
or a torsion point; otherwise it is a point of infinite order.

It follows from proposition 3.1 that a rational torsion point on a rational elliptic surface
has order 2, 3, 4, 5 or 6. The structure of torsion points is given in the following two lemmas:

Lemma 3.2 (see [20, II]). Let E be an elliptic curve over a field K defined by the Weierstrass
equation

E : y2 + a1xy + a3y − x3 − a2x
2 − a4x − a6 = 0.

(a) A point T on E has order 2 if and only if the tangent at T goes through O = [0, 1, 0].
(b) A point T on E has order 3 if and only if T is a point of inflection.
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Lemma 3.3 (see [10, table 3]). Let Eu,v be an elliptic curve over a field K defined by the
Weierstrass equation

Eu,v : y2 + uxy + vy = x3 + vx2.

A point T = (0, 0) on Eu,v has order n = 4, 5, 6 if and only if u, v ∈ K satisfy respectively

(c) for n = 4 u = 1

(d) for n = 5 v = u − 1

(e) for n = 6 v = −(u − 1)(u − 2).

Now, we shall consider the case when the QRT map (1.1) is periodic for any initial values.
Let 	 = 	(λ) be the discriminant of the Weierstrass equation (2.14):

	 = −b2
2b8 − 8b3

4 − 27b2
6 + 9b2b4b6

b2 = a2
1 + 4a2 b4 = a1a3 + 2a4 b6 = a2

3 + 4a6

b8 = a2
1a6 − a1a3a4 + 4a2a6 + a2a

2
3 − a2

4 .

(3.1)

We assume that

	 �≡ 0. (3.2)

This assumption ensures that the Weierstrass equation (2.14) defines a rational elliptic surface.
(In the appendix, we consider the case 	 ≡ 0.) Combining theorem 2.4 with the above
lemmas 3.2 and 3.3, we obtain the following theorem.

Theorem 3.4. If the QRT map ϕ, (1.1) with the assumption (3.2), is periodic for any initial
values, then its period is 2, 3, 4, 5 or 6. Moreover, the QRT map ϕ has period n, n = 2, 3, 4, 5, 6,
if and only if the parameters A = (αij )0�i,j�2, B = (βij )0�i,j�2 satisfy:

(a) for n = 2 a3 = 0

(b) for n = 3 b8 = 0

(c) for n = 4 u = 1

(d) for n = 5 v = u − 1

(e) for n = 6 v = −(u − 1)(u − 2)

respectively. Here ai = ai(λ) are polynomials given in (2.15) with (2.13); and let

b8 = −a1a3a4 + a2a
2
3 − a2

4

b4 = a1a3 + 2a4

u = b4b8

a4
3

v = b3
8

a8
3

.

(3.3)

Proof. The first statement follows from theorem 2.4 and proposition 3.1 immediately.
Take a tangent at T = (0, 0) = [0, 0, 1] of the Weierstrass equation Eλ ((2.14)), and

denote it by lT . Then, the tangent line lT is defined by the equation

a4x − a3y = 0. (3.4)

We have the following: (a) the line lT goes through O = [0, 1, 0] iff a3 = 0; (b) the point T is
an inflection point iff b8 = 0.

Now, let us consider the change of the variables (x, y) �→ (x ′, y ′) as

x = ξ 2x ′ y = ξ 3y ′ + ξ 2ηx ′ (3.5)
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where ξ = a3
3

/
b8 and η = a4/a3. Then Eλ (2.14) is transformed into the equation

y2 + uxy + vy = x3 + vx2 (3.6)

with the coefficients u and v given in (3.3). Note that transformation (3.5) fixes T = (0, 0).
From lemma 3.3, we have: (c) the point T is a 4-torsion point iff u = 1; (d) the point T is a 5-
torsion point iff v = u − 1; (e) the point T is a 6-torsion point iff v = −(u − 1)(u − 2). �

Example 3.5. We show some examples of the n-periodic QRT maps; we give below the
parameters A = (αij )0�i,j�2, B = (βij )0�i,j�2 and the expression of the associated QRT map
ϕ : (x, y) �→ (x̄, ȳ) for each case n = 2, 3, 4, 5, 6. One can easily check indeed ϕn = id.

(a) Z/2Z

A =

 0 α01 0

α10 α11 α12

0 α21 0


 B =


 0 β01 0

β10 β11 β12

0 β21 0


 (3.7)

x̄ = − p1221 + p1121y + p0121xy + p1021y
2

p0112x + p0121y + p0111xy + p0110xy2

ȳ = p1221 − p1112x − p0112x
2 − p1012xy

p1012x + p1021y + p1011xy − p0110x2y

(3.8)

where we put pijkl = det
∣∣∣∣∣ αij

βij

αkl

βkl

∣∣∣∣∣.
(b) Z/3Z

A =

0 p 1

0 r q

0 0 0


 B =


 0 0 0

1/q s 0
1 1/p 0


 pq �= 0 (3.9)

x̄ = −q(q + x + ry + pxy)

q + pqsx + pqy + pxy
ȳ = q

px
. (3.10)

(c) Z/4Z

A =

0 p 0

0 −1 q

0 0 0


 B =


 0 0 0

−p 0 r

1 0 0


 pq �= 0 (3.11)

x̄ = y(q − y + pxy)

p(−rx − y2 + pxy2)
ȳ = y(1 − px)

px
. (3.12)

(d) Z/5Z

A =

0 p 0

0 −1 q

0 0 0


 B =


 0 0 0

−p −pq 0
1 0 0


 pq �= 0 (3.13)

x̄ = − q − y + pxy

p(y − pqx − pxy)
ȳ = y − pqx − pxy

px(1 − px)
. (3.14)



2728 T Tsuda

(e) Z/6Z

A =

0 p 0

0 −1 q

0 0 0


 B =


 0 0 0

−p −pq −pq2

1 0 0


 pq �= 0 (3.15)

x̄ = y(q − y + pxy)

p(pq2x + pqxy − y2 + pxy2)
ȳ = y(y − 2pqx − pxy + p2qx2)

px(y − pqx − pxy)
. (3.16)

4. A birational map via a pencil of K3 surfaces, or Calabi–Yau manifolds

In this section we present a generalization of the QRT map which acts birationally on a pencil
of K3 surfaces, or Calabi–Yau manifolds.

Let I = {m = (m1, . . . , mN);mi = 0, 1, 2}, and let x = (x1, . . . , xN) be the
inhomogeneous coordinate of (P1)N = P

1 × · · · × P
1︸ ︷︷ ︸

N

. For x = (x1, . . . , xN) and m ∈ I ,

we set xm = x
m1
1 · · · xmN

N . Consider a pencil of polynomials in x of degree (2, 2, . . . , 2)

defined as follows:

{F(α(0); x) + λF(α(1); x) = 0}λ∈P
1 (4.1)

where

F(α(i); x) =
∑
m∈I

α(i)
m xm α(i)

m ∈ C i = 0, 1. (4.2)

For a generic point P = x = (x1, . . . , xN) ∈ (P1)N , there exists a unique element M
of the pencil (4.1) which contains P. Take a line parallel to the line {xi = 0; i �= k} passing
through P; and denote it by lk . The line lk intersects M at another point; and denote this new
point by P̃ = x̃ = (x̃1, . . . , x̃N ). Then we obtain a birational map

rk : x �→ x̃

of the form

x̃i = xi (i �= k) x̃k = fk − gkxk

gk − hkxk

. (4.3)

Here fk, gk and hk are polynomials in (x1, . . . , xk−1, xk+1, . . . , xN) defined by
fk

gk

hk


 =


A

(0)
k

B
(0)
k

C
(0)
k


 ×


A

(1)
k

B
(1)
k

C
(1)
k


 (4.4)

with

A
(i)
k =

∑
mk=2

α(i)
m xmx−2

k B
(i)
k =

∑
mk=1

α(i)
m xmx−1

k C
(i)
k =

∑
mk=0

α(i)
m xm (4.5)

i.e.,

F(α(i); x) = A
(i)
k x2

k + B
(i)
k xk + C

(i)
k . (4.6)

Note that r2
k = id. We now define a birational map � : (P1)N → (P1)N by

� = rN ◦ rN−1 ◦ · · · ◦ r1 (4.7)

which is regarded as a generalization of the QRT map (1.1); for N = 2, the map � is equivalent
to the QRT map (see section 2).
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Remark 4.1. Equation (4.2) in (P1)N generally defines

(a) an elliptic curve for N = 2
(b) a K3 surface for N = 3
(c) a Calabi–Yau manifold for N � 4.

Here we recall that an n-dimensional projective smooth algebraic variety X is said to
be a K3 surface for n = 2, and a Calabi–Yau manifold for n � 3, if KX ∼ 0 and
Hi (X,OX) = 0 (1 � i < n) (see for example [3]).

Remark 4.2. Some special cases of the map � for N = 4 are considered in [1], from the view
point of discrete integrable systems.
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Appendix. n-Periodic QRT maps with ∆ ≡ 0 (by Mikio Murata)

We consider the case 	 ≡ 0, namely, when the Weierstrass equation (2.14) does not define
any rational elliptic surface but a Hirzebruch surface (P1-bundle over P

1). In this case, we can
construct a periodic QRT map with an arbitrary period.

For example, let n be an arbitrary positive integer, and let

A =

 0 0 −1

0 2 cos πk
n

sin πk
n

−1 −sin πk
n

0


 B =


0 0 0

0 0 1
0 1 0


 (A.1)

where k ∈ Z is relatively prime to n; it is easy to check that 	 ≡ 0. Then, the associated QRT
map ϕ : (x, y) �→ (x̄, ȳ) is given as follows:

x̄ =
(
2x cos πk

n
− y

)(
x + 2x cos πk

n
− y − 2 sin πk

n

)
x + y

ȳ = x
(
x + 2x cos πk

n
− y − 2 sin πk

n

)
x + y

(A.2)

which has period n, i.e. ϕn = id. In fact, (A.2) can be rewritten into the map ϕ′ : (ξ, η) �→
(ξ̄ , η̄),

ξ̄ = ξ exp

(
2πk

√−1

n

)
η̄ = η (A.3)

through the change of the variables (x, y) �→ (ξ, η) defined by

ξ = x − e
−πk

√−1
n y

e
πk

√−1
n y − x

η = x2 − 2xy cos πk
n

+ y2 − x sin πk
n

+ y sin πk
n

x + y
. (A.4)

Remark A.1. Several examples of periodic maps were studied in the context of discrete
integrable systems (see [6] and [5, II]).
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